We study heat kernels of locally finite graphs and discrete heat equation morphisms. These are combinatorial analogs to heat equation morphisms in Riemannian geometry (cf. E. Loubeau, [10] ), parallel closely the discrete harmonic morphisms due to H. Urakawa, [13] , and their properties are related to the initial value problem for the discrete heat equation. In applications we consider Hamming graphs (using the discrete Fourier calculus on Z N 2 ), establish a heat kernel comparison theorem, and study the maps of -nets induced by heat equation morphisms among two complete Riemannian manifolds.
Introduction
Let G be a graph without loops or isolated vertices and let VðGÞ be the set of its vertices (eventually jVðGÞj ¼ 1). For any x 2 VðGÞ let N G ðxÞ ¼ fy 2 VðGÞ : y $ xg be the set of all neighbors of x and m G ðxÞ ¼ jN G ðxÞj. We assume that G is locally finite i.e. m G ðxÞ < 1 for any x 2 VðGÞ. The combinatorial Laplacian is given by Let Z þ ¼ fn 2 Z : n ! 0g. For each g : Z þ ! R we set @g @n ðnÞ ¼ gðn þ 1Þ À gðnÞ; n 2 Z þ :
The (combinatorial) heat equation on G is (cf. e.g. [11] , p. 213) @u @n ðx; nÞ þ Á G u ð Þðx; nÞ ¼ 0; x 2 VðGÞ; n 2 Z þ : ð1Þ
Here Á G acts in the variable x. Let pðx; yÞ be the one-step probability of a random walk on G from x to y pðx; yÞ ¼ 1 m G ðxÞ ; y $ x, 0; otherwise.
< :
We define inductively p n : VðGÞ 2 ! R by setting p nþ1 ðx; yÞ ¼ X z2VðGÞ pðx; zÞ p n ðz; yÞ; n 2 Z þ ; ð2Þ where p 0 ðx; yÞ is given by p 0 ðx; yÞ ¼ 1; x ¼ y, 0; x 6 ¼ y.
&
Then p n ðx; yÞ is referred to as the (combinatorial) heat kernel of G. Throughout the present paper we are mainly concerned with the problem @ @n þ Á G Eðx; y; nÞ ¼ 0; x; y 2 VðGÞ; n 2 Z þ ; ð3Þ Eðx; Á; 0Þ ¼ x ; x 2 VðGÞ: ð4Þ
Here Á G acts in the variable y and x 2 DðGÞ is given by x ðyÞ ¼ p 0 ðx; yÞ. Note that Eðx; y; nÞ ¼ p n ðy; xÞ is a solution to (3)- (4) . The Green kernel Àðx; yÞ of G is given by Àðx; yÞ ¼ X 1 n¼0 p n ðx; yÞ; x; y 2 VðGÞ:
The graph G is transient if Àðx; yÞ < 1 and recurrent otherwise. For instance The proof of (5) is by induction over n. In particular K Nþ1 is recurrent. Ã
The problem of computing p n ðx; yÞ and Àðx; yÞ from their recursive definitions is rather difficult in general. For a finite graph one may reduce the problem to the calculation of the eigenvalues and eigenfunctions of the combinatorial Laplacian. Precisely Theorem 1. Let G be a finite graph of order jGj and let ðGÞ ¼ f0 ¼ 1 2 Á Á Á jGj g be its spectrum. The problem (3)-(4) admits a unique solution E ¼ E G given by where f' i : 1 i jGjg is an orthonormal (with respect to the inner product (14)) basis of DðGÞ % R jGj consisting of eigenfunctions ' i 2 EigenðÁ G ; i Þ. Moreover let Z G : Z þ ! R be the function given by
Then Z G ðnÞ ¼ X x2VðGÞ E G ðx; x; nÞ: ð7Þ
Apart from looking at the heat kernel (of a finite graph) as the (unique) solution to a initial value problem for the (discrete) heat equation and from the statement on Z G ðnÞ this is essentially Proposition 4.5 in [11] , p. 219. However our proof of Theorem 1 is new (while H. Urakawa's proof of Proposition 4.5 relies on the maximum principle for the discrete heat equation).
As one of the main examples in this paper let G N be the Hamming graph of order 2 N . Its vertex set is VðG N Þ ¼ Z N 2
and two vertices X; Y 2 VðG N Þ are adjacent if HðX; YÞ ¼ 1 where H is the Hamming distance on Z N 2 (in particular Hð0; XÞ is the weight of the codeword X) cf. P. Diaconis & R. Graham, [5] . Here one may compute explicitly ðG N Þ (cf. Theorem 4 below) yet the practical value of the formula (6) remains limited due to the difficulty of determining explicit orthonormal basis consisting of eigenvectors of the combinatorial Laplacian. In turn, using the discrete Fourier transform on Z N 2 as introduced in [5] (cf. also V. Abatangelo et al., [1] ) we shall prove the following Theorem 2. The initial value problem
ÞðXÞ ð10Þ
for any X 2 Z for any f ; g 2 DðG N Þ.
As part of a larger program aiming to discretize several notions from Riemannian geometry H. Urakawa, [11] [12] [13] , has introduced (cf. [13] ) the notion of a (discrete) harmonic morphism as follows. A function f : VðGÞ ! R is harmonic at x 2 VðGÞ if it satisfies the mean value formula 
given by ð0Þ ¼ 0 and ðÞ ¼ 0, 1 M, and ðM þ jÞ ¼ 0, 1 j k, is a harmonic morphism of claws. Ã
The problem of characterizing the harmonic morphisms of complete Riemannian manifolds which induce harmonic morphism among their discretizations (-nets, cf. M. Kanai, [9] ) is open. A few remarks on continuum versus discrete harmonic morphisms among Riemannian manifolds and their nets are nevertheless given in Section 9 of this paper.
Building on H. Urakawa's ideas we discretize the notion of a heat equation morphism among Riemannian manifolds as follows. Let L G ¼ @=@n þ Á G be the heat operator. A map È : VðGÞ Â Z þ ! VðHÞ Â Z þ is called a (discrete) heat equation morphism if for any ðx; nÞ 2 VðGÞ Â Z þ and any function v :
Following the results of E. Loubeau (cf. [10] ) in Riemannian geometry our study is confined to heat equation morphisms of special form i.e. Èðx; nÞ ¼ ððx; nÞ; hðnÞÞ for some maps : VðGÞ Â Z þ ! VðHÞ and h : Z þ ! Z þ . In particular when @=@n ¼ 0 the map ðÁ; 0Þ : VðGÞ ! VðHÞ turns out to be a harmonic morphism (and thus a horizontally conformal map, cf. Theorem 2.5 in [13] , p. 322). As an application of our findings (cf. Propositions 2 and 3 below) as to the geometric properties of heat equation morphisms we may state the following heat kernel comparison result Theorem 3. Let G and H be two locally finite graphs with jGj ¼ 1. 
Then (14) may be solved for f i so that to obtain f i ðx; nÞ ¼ ð1 À i Þ n f i ðx; 0Þ:
We close this section by looking at the following Example 4. Let G ¼ K 1;N be a claw. A calculation based on (2) shows that p n ðx; yÞ (thought of as a ðN þ 1Þ Â ðN þ 1Þ matrix) is given by p nþ1 ¼ A n p 1 for any n ! 0 where
that is
On the other hand we may solve the eigenvalue problem
so that to obtain ðK 1;N Þ ¼ f0; 1; 2g and
¼1
Rðe À e N Þ; ¼ 1,
where
is the canonical basis. Then
is an orthonormal basis of DðK 1;N Þ consisting of eigenvectors of Á K 1;N . Finally (by Theorem 1) which agrees with p n as computed above (i.e. E K 1;N is the transpose of p n ). Ã
Discrete Fourier Calculus
Let Z 2 be the binary field and
is MðXÞ ¼ jf 2 f1; Á Á Á ; Ng : X ¼ 1gj. Throughout jAj denotes the cardinality of the set jAj. If X; Y 2 Z 
In view of the representation (6) of the heat kernel of a finite graph we wish to calculate the spectrum ðG N Þ as well as the eigenspaces EigenðÁ G N ; Þ for any 2 ðG N Þ. We shall prove Theorem 4. The spectrum of a Hamming graph G N is given by
The eigenspace of Á G corresponding to the eigenvalue 2a=N may be represented as
whereĝ g is the Fourier transform of g. In particular each eigenvalue 2a=N has multiplicity N a .
Let us recall that for any f 2 DðG N Þ its Fourier transform is given by
We apply F to both sides of (16) and recall that (by a result in [4] )
We obtain
Yetff 6 ¼ 0 hence ðG N Þ fðXÞ=N :ff ðXÞ 6 ¼ 0g. On the other hand the restriction of to each Hamming sphere is constant j S a ¼ 2a hence (by Lemma 1)
The opposite inclusion follows from Lemma 2. Let f a 2 DðG N Þ be given by
Proof. We may conduct the calculation
i.e. 2a=N 2 ðG N Þ and f a 2 EigenðÁ G N ; 2a=NÞ.
The reader should note that the construction of f a in Lemma 2 follows easily from (18). Indeed (18) is identically verified for ¼ 2a=N andff ¼ S a . Then applying the inverse Fourier transform (F À1 ¼ 2 ÀN F , cf. e.g. [4] , p. 15) one obtains f ¼ f a . Throughout A is the characteristic function of the set A.
Let f 2 EigenðÁ G N ; 2a=NÞ. Then (again by (18)) ððXÞ À 2aÞff where from (as F ð f Ã gÞ ¼ffĝ g and 0 Ã f ¼ f )
At this point (10) follows from (19) and the identities
Theorem 2 is proved. Combining Theorems 1 and 2 we obtain
Proof. Let qðXÞ ¼ 1 À ðXÞ=N so that 0 qðXÞ 1 and qðXÞ ¼ 1 if and only X ¼ 0. We set
Discrete Heat Equation Morphisms
The heat operator on a Riemannian manifold M is the second order differential operator L M ¼ @=@t þ Á (defined on the space of all C 0 functions on M Â ð0; þ1Þ which are C 2 in the first variable and C 1 in the second). Here Á is the opposite of the usual Laplacian (e.g.
when M ¼ R n with the Euclidean metric) and therefore a positive operator (thus accounting for the plus sign in the discrete analog (1) to the heat operator L M ). The following notion is due to E. Loubeau, [10] . Let M and N be two Riemannian manifolds. A C 1 map È : M Â ð0; þ1Þ ! N Â ð0; þ1Þ is a heat equation
) only the particular case of heat equation morphisms with separate variables i.e. of the form Èðx; tÞ ¼ ððxÞ; hðtÞÞ for some smooth maps : M ! N and h : ð0; þ1Þ ! ð0; þ1Þ. His finding is that : M ! N must be a harmonic morphism and hðtÞ an affine function. Precisely if dimðMÞ ! dimðNÞ then is a weakly horizontally conformal map of dilation (by the FugledeIshihara theorem, cf. e.g. [2] ) and hðtÞ ¼ 2 t þ C for some C 2 R. The structure of general heat equation morphisms appears to be rather complicated. Following E. Loubeau's ideas we only look at (discrete) heat equation morphisms of the form Èðx; nÞ ¼ ððx; nÞ; hðnÞÞ for some : VðGÞ Â Z þ ! VðHÞ and h : Z þ ! Z þ . In an attempt to find a discrete analog to the local features of the definition of a heat equation morphism (as appearing in Riemannian geometry) we postulated (cf. the Introduction) that solutions to the heat equation at a point Èðx; nÞ (rather than solutions to the full L H v ¼ 0) be pulled back to solutions to the heat equation at ðx; nÞ. We start by establishing the following Lemma 3. Let G and H be two locally finite graphs and È : VðGÞ Â Z þ ! VðHÞ Â Z þ a heat equation morphism of the form Èðx; nÞ ¼ ððx; nÞ; hðnÞÞ. Then
for any x 2 VðGÞ and n 2 Z þ , where È n ðxÞ ¼ Èðx; nÞ. This is similar to Lemma 2.6 in [13] 
> > < > > :
Proof. As a consequence of (20) The last set equality may be justified as follows. The inclusion is obvious. Viceversa let y 2 N G ðxÞ \ È À1 n ðcÞ. As c 2 N H ððx; nÞÞ Â fhðnÞg (the case at hand) one has c ¼ ðw; hðnÞÞ for some w $ ðx; nÞ. In particular w 6 ¼ ðx; nÞ hence È n ðyÞ ¼ c 6 ¼ È n ðxÞ. Therefore (26) In case (I.ii) it is immediate that k ðx;nÞ ðcÞ ¼ 0 (as n is not a stationary point of h).
Let us analyze now case (II)
. This is first subdivided as (II.a) n 2 Critð x Þ or (II.b) n 2 Z þ n Critð x Þ. Case (II.a) itself is broken into (II.a.i) c ¼ Èðx; nÞ (so that k ðx;nÞ ðcÞ ¼ m v ðx; nÞ) and (II.a.ii) c ¼ ðw; hðnÞÞ with w $ ðx; nÞ. In case (II.a.ii) we make use once again of the solution (25) to ðL H vÞðÈðx; nÞÞ ¼ 0 except of course that in the case at hand B ðx;nÞ ¼ fÈðx; nÞ; ððx; nÞ; hðnÞ þ 1Þg. As È is a heat equation morphism ðL G ðÈ Ã f c ÞÞðx; nÞ ¼ 0 which is equivalent to (27) and yields (28). Let us go back to the proof of (23) 
A Heat Kernel Comparison Theorem
The purpose of this section is to give a proof of Theorem 3. Let È : VðGÞ Â Z þ ! VðHÞ Â Z þ be a heat equation morphism of the form Èðx; nÞ ¼ ððx; nÞ; hðnÞÞ and such that CritðhÞ ¼ ;. (11) i.e. u y ðx; nÞ 0 on S 2 ¼ B r ðpÞ Â f0g as well. Let us apply L G to both sides of (30) so that to obtain 
Heat Equation Morphisms with Separate Variables
The scope of this section is to study the heat equation morphisms È : VðGÞ Â Z þ ! VðHÞ Â Z þ of the form Èðx; nÞ ¼ ððxÞ; hðnÞÞ for some maps : VðGÞ ! VðHÞ and h : Z þ ! Z þ (the discrete analog to the situation considered by E. Loubeau, [10] , in Riemannian geometry). The discussion turns out to be closely related to the theory of discrete harmonic morphisms as started by H. Urakawa, [13] , and further developed by M. Baker & S. Norine, [3] .
We begin by recalling that a map : VðGÞ ! VðHÞ is said to be horizontally conformal if i) for any For instance if G is a claw K 1;N then ðÀ1Þ n ðe N À P N i¼1 e i Þ is a solution to L K 1;N u ¼ 0. Proof of Lemma 5. It suffices to look for solutions to the heat equation L G u ¼ 0 of the form uðx; nÞ ¼ f ðxÞgðnÞ. Then ð1= f ÞÁ G f ¼ Àð1=gÞ @g=@n ¼ for some separation constant 2 R. Thus on one hand 2 ðGÞ so that ! 0 (as Á G is self adjoint with respect to the inner product (14)). In particular it must be that f 2 EigenðÁ G ; Þ. Moreover the equation governing g gðn þ 1Þ ¼ ð1 À ÞgðnÞ; n 2 Z þ ;
may be easily solved to show that gðnÞ ¼ ð1 À Þ n gð0Þ. Q.e.d.
Theorem 5. Let G and H be two finite graphs and let us consider a heat equation morphism È : VðGÞ Â Z þ ! VðHÞ Â Z þ of the form Èðx; nÞ ¼ ððxÞ; hðnÞÞ with : VðGÞ ! VðHÞ surjective. Let us assume that ðHÞ \ ð0; 1Þ 6 ¼ ;. Then : VðGÞ ! VðHÞ is a horizontally conformal map and there exist 2 ðGÞ and 2 ðHÞ with 0 < 1 and 0 < < 1 such that
for some C 2 Z þ and any n 2 Z þ . 
Let us set C ¼ fx 2 VðGÞ : gððxÞÞ ¼ 0g. As g 2 EigenðÁ H ; Þ and is surjective it must be that VðGÞ n C 6 ¼ 0. By (36) and separation of variables there is 2 R such that
At this point we need the following Lemma 6. Let : VðGÞ ! VðHÞ be a surjective harmonic morphism of finite graphs. Let 2 ðHÞ and g 2 EigenðÁ H ; Þ. Then for each x 2 VðGÞ either Á G ðg ÞðxÞ ¼ 0 or
Here m h ðxÞ is the horizontal degree of the vertex x 2 VðGÞ i.e. In the second case 
By our assumption in Theorem 5 we may consider 2 ðHÞ with 0 < < 1 to start with. Then (by (38)) 1 À > 0 and we may solve for h to obtain (35). The proof of Theorem 5 is complete.
We close the section with the following examples. 
The proof of Corollary 3 relies partially on Theorem 5. We start by recalling that a ð0; 1Þ-system of G is a color partition X ¼ fX 1 ; Á Á Á ; X m g of VðGÞ (i.e. a partition such that each X i is edge free) such that for each i 2 f1; Á Á Á ; mg and each x 2 X i one has N G ðxÞ \ X j 6 ¼ ; if and only if jN G ðyÞ \ X j j ¼ 1 for any y 2 X i . If G is connected then each X i has the same cardinality jX i j ¼ r, 1 i m (cf. e.g. Proposition 3.2 in [7] , p. 260). The quotient H ¼ G=X is a graph on VðHÞ ¼ X and two vertices X i ; X j 2 VðHÞ, i 6 ¼ j, are adjacent if there are x 2 X i and y 2 X j such that x $ y. The projection : G ! H is given by ðxÞ ¼ X i whenever x 2 X i for some i 2 f1; Á Á Á ; mg.
To prove Corollary 3 we need Lemma 7. The degree of each x 2 VðGÞ equals m G=X ððxÞÞ.
Proof. Note first that ðN G ðxÞÞ ¼ N H ððxÞÞ for any x 2 VðGÞ. For instance if y 2 N G ðxÞ is a neighbor of x then there is j 2 f1; Á Á Á ; mg such that y 2 X j and j 6 ¼ i because X i is edge free. Then X i $ X j that is ðyÞ ¼ X j 2 N H ðX i Þ ¼ N H ððxÞÞ.
Finally it may be observed that the restriction of to N G ðxÞ is an injective map. For given y; z 2 N G ðxÞ with ðyÞ ¼ ðzÞ ¼ X j one has both y; z 2 N G ðxÞ \ X j and jN G ðxÞ \ X j j ¼ 1 hence y ¼ z.
In particular satisfies the first horizontal conformality requirement ðN G ðxÞÞ N To end the proof of Theorem 7 let v : VðHÞ Â Z þ ! R be a function such that ðL H vÞðÈðx; nÞÞ ¼ 0 at some ðx; nÞ 2 VðHÞ Â Z þ . Then 
